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Abstract 
We propose a theoretical model for characterizing the diffusion of solute atoms, driven by vacancy migration. Our model requires only a few 
static calculations, in the same line of ideas as the five-frequency model. We obtain microscopic parameters, namely: i) the free energy of 
vacancy formation and the vacancy-solute binding energy, ii) the tracer correlation factor, (ii) the solvent-enhancement factor, and iii) the 
involved jump frequency. In this paper, we specifically perform calculations in (Al,U) diluted fcc alloy. Our results show excellent agreement 
with available experimental data for pure Al solvent, and also with result from molecular dynamic calculations for the U mobility diluted in Al. 
Qualitatively, we conclude that the U solutes diffuse through a drag mechanism. 
© 2014 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of the scientific committee of SAM - CONAMET 2013. 
Keywords: Diffusion theory; Numerical calculations; Vacancy mechanism; Diluted alloys; AlU systems. 
1. Introduction 
Low-enriched U-Mo alloys, dispersed in an Al matrix, are prototypes for new experimental nuclear fuels [Meyer 
at al. (2002)]. When these metals are brought into contact, however, diffusion through the Al/U −Mo interface 
occurs, giving rise to undesired interactions and phase changes. When subjected to operating temperature and 
neutron radiation, phase transformation from γU to αU occurs, and intermetallic phases develop in the U−Mo/Al 
interaction zone. Fission gas pores nucleate in these new phases during service, producing swelling, and 
deteriorating the alloy properties [Meyer at al. (2002), Savchenko et al. (2005)]. Some of the formed U-Al 
compounds are believed to be responsible for the degradation of properties [Mirandu at al. (2009)]. An important 
technological goal is to delay, or directly avoid, the formation of these undesirable phases, by inhibiting the inter-
diffusion of Al and U through the interface. It is, therefore, important to study the initial microscopic processes that 
originate these intermetallic phases.  
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In a first approach to deal with this problem, the atomic mobility by vacancy mechanism in the bulk is studied for a 
model Al-U alloy, using computer simulation techniques and theories of atomic transport. The theory of atomic 
transport in crystalline solids has been developed mostly for intrinsic defects, e.g. for example vacancies. In this 
work, we adopt the framework of what is commonly referred to as multi-frequency model to treat the statistical 
mechanics of diffusion [Le Claire (1978)]. The method includes the jump frequency associated with the migration of 
the host atom in the presence of an impurity at a first nearest neighbor position. Additionally, we calculate the 
correlation factor in the expression of the impurity diffusion coefficient. In previous works, we studied the static and 
dynamic properties of vacancies and interstitials defects in the Al(U) bulk and in the neighborhood of a 
(111)Al/(001)α − U interface, using classical atomistic techniques [Pascuet et al. (2011), Ramunni et al. (2010)]. In 
this work, we obtain analytical expressions for the self-diffusion and the solute diffusion coefficient using both, the 
non-equilibrium thermodynamic of atomic diffusion and the kinetic theory of isothermal diffusion process for 
diluted alloys. 
A similar procedure for fcc structures was performed by Mantina et al. (2009) for Mg,Si and Cu diluted in Al using 
density functional theory (DFT). The case of bcc structures has recently been described by Choudhury et al. (2011). 
The authors have calculated the self-diffusion and solute diffusion coefficients in diluted αFeNi and αFeCr alloys. 
Here, we use the description of the first-coordinated shell approximation, allowing dissociative and re-associative 
jumps, adopting the Le Claire description [Le Claire 1978], applied to the (Al, U) systems. The main idea is to focus 
attention on the corresponding solute transport coefficients, and how they are related to the diffusion coefficients 
through the flux equations, for both the free solvent and the paired solvent-vacancy species. 
The paper is organized as follows. In Section 2, we briefly summarize the macroscopic equations of atomic transport 
that are provided by non equilibrium thermodynamic. In this way, an analytical expression of the diffusion 
coefficients in binary alloys in terms of Onsager coefficients is presented. In Section 3, we describe the general 
expression of the Onsager coefficients in terms of the frequency jumps following the procedure as Allnat and 
Lidiard (2003). We show the full procedure to evaluate the solute through a vacancy mechanism using the five-
frequency model for fcc lattices. In Section 4, we present expressions to evaluate the solvent self-diffusion 
coefficient and the solute diffusion coefficient at zero order in Sc . Finally, in Section 5, we present our numerical 
results using the here proposed theoretical procedure, and compare them with experimental data, and results 
obtained via molecular dynamics in Pascuet et al. (2012). 
2. The flux equations for solute migration due to defects fluxes 
Isothermal atomic diffusion in multi-component systems can be described by the theory of irreversible processes, 
where the main characteristic is the rate dS of entropy production per unit volume [Allnat and  Lidiard (2003)], 
 
¦ N
k
kkTdS ;- ,              (1) 
 
Here, T is the absolute temperature, N the number of components in the system, k-  describes the flux vector density, 
while k;  is the driving force acting on component k. A linear expression for the flux vector k-  in terms of the 
driving forces, involves the Onsager coefficients Lij, writes: 
 
¦ N
i
ikik L ;-            (2) 
 
The tensor Lij is symmetric (Lij = Lji), and depends on both pressure and temperature, while it is independent of the 
driving forces kk P ; , where kP  is the chemical potential of specie k. Following the procedure of Allnat and 
Lidiard (2003), we derive from Eq.(2) the flux equation for each specie: 
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with iJ , the activity coefficients, defined in terms of the activity iii ca J . Hence, for a binary system, the diffusion 
coefficient for the solvent and for solute S, write: 
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AD , SD  are commonly known as the intrinsic diffusion coefficients, while *AD  and *SD  are the isotopic tracers 
diffusion coefficients that are the magnitudes experimentally measured. In Eqs.(5) and (6) the thermodynamic 
factors are: 
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We are interested in diluted alloys, i.e. in the limit 0oSc  where 10  I . The solute diffusion coefficient is 
calculated directly from the intrinsic one through the expression, 
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While for the solvent *AD , is calculated from Eq.(5). 
In the next sections, we express these last Onsager coefficients in terms of microscopic atomic jump frequencies. 
 
 
3. The L-coefficients in the shell approximation  
 
In this section, we assume that the perturbation of the solute movement by a vacancy V is limited to its immediate 
vicinity. To understand the effect of different vacancy exchanges on solute diffusion, we adopt an effective five-
frequency model in Le Claire style [Le Claire (1978)] for fcc lattices. In Fig. 1, the jump rates are indicated as iZ  (i 
= 1, 2, 3, 4). We assume that all are orientated along a particular crystal principal axis xˆ . We only consider jumps 
between first nearest neighbors. Namely, 2Z  refers to the exchange between the vacancy and the solute, while 1Z  is 
defined as the frequency at which a jump occurs such that the exchange between the vacancy and the solvent atom 
lets the vacancy as a first neighbor to the solute (positions denoted with circles 1 in Fig. 1). The frequency of jumps 
for which the vacancy goes to sites that are second nearest neighbors of the solute is denoted by 3Z  (sites with 
circled 2), while  4  refers to the corresponding backwards jump. Jumps toward sites that are third and forth nearest 
neighbor of the solute are denoted by '3Z  and ''3Z  respectively, while '4Z  and ''4Z  refer to their corresponding 
backwards jumps. Finally, rate 0Z  denotes vacancy jumps towards further away neighboring sites. In this context, 
454   V.P. Ramunni and M.I. Pascuet /  Procedia Materials Science  8 ( 2015 )  451 – 460 
that enables association ( 4Z ) and dissociation reactions ( 3Z ), i.e. the formation and break-up of pairs, we include 
free solute and vacancies to the population of bounded pairs. Similarly to Choudhury et al. (2011), we derive: 
 
''
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'
33
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3 42 ZZZZ            (9) 
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4 42 ZZZZ            (10) 
  
as averages weighted by the number of different pathways to each nearest-neighbor distance. The symmetry types of 
vacancy sites that are in the first coordination shell (first nearest neighbor of the solute) or the second coordination 
shell (sites accessible from the first shell by one single vacancy jump) are plotted in Fig. 1. We obtain the intrinsic 
diffusion coefficients *SD  from SSL  in terms of the iZ  jump frequencies.  
 
 
Fig. 1: The five-frequency model of a solute-vacancy pair in a fcc lattice.  
 
It is now very useful to introduce the expressions derived by Allnatt and Lidiard (2003) for the Onsager coefficients 
and kinetic theory, in terms of the reduced Q matrix. The authors wrote equations for the fluxes SJ  and DJ  (D can 
be vacancies, V or interstitials, I) in terms of thermodynamical forces, which are precisely of the form required by 
non-equilibrium thermodynamics. Expressed in terms of the site (mole) fractions of (a) solute-vacancy pairs, the 
SSL  coefficient is, 
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where pc  is the site fraction of solute-vacancy pairs, 2/Aaa   and Aa  is the lattice parameter, (see for instance 
Fig.1). Following Allnat and Lidiard (2003), the matrix element 111)( Q   of the inverse matrix of Q defines a factor 
F, introduced by Manning (1968) such that 
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The quantity 1−F is the fractional reduction in the overall frequency of jumps from a first-shell site to a second-shell 
site caused by returns of vacancy to first-shell sites, 
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where 0*4 ZZH   and Table 1 shows the iB  coefficients calculated by Allnat and Lidiard (2003) and Koiwa et al. 
(1983) and that will be employed in the present calculations.  
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Table 1. Coefficients in the expression for F for the five frequency model calculated by Koiwa et al. (1983) 
Ref. 1B  2B  3B  4B  5B  6B  7B  
[Koiwa et al. (1983)] 180.3 924.3 1338.1 40.1 253.3 596.0 435.3 
       
Then, the solute Onsager coefficient is given by, 
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By replacing Eq.(15) in Eq.(9), we obtain the solute diffusion coefficient as, 
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In Eq.(15) we introduce the solute correlation factor Sf , which is defined as: 
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From Eq.(15), we shall need both the site fraction pc  of solute atoms which a vacancy among their z nearest 
neighbor sites, also the fraction of unbounded vacancies pVV ccc  '  and of unbound solute atoms pSS ccc  ' . 
These quantities are related locally via the mass action equation, 
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Here, bE  is the binding energy of the solute vacancy at first neighbor sites, as given later in Section 5. If the pairs 
and free vacancies are in local equilibrium, and Sc >> Vc  and thus also Sc >> pc , we can express the equilibrium 
constant K as, 
SBbS
pV
p KcTkEzc
cc
c {  )/exp(
,         (18) 
 
Equivalently, 
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4. Expressions for the tracer self-diffusion coefficients *AD  and 
*
SD  
 
A comparison between experimental data and the present simulations are possible with the knowledge of the two 
tracer diffusion coefficients )0(*AD  and )0(*SD , the former calculated from SSL  in Section 3. The self diffusion 
coefficient  )0(*AD  in perfect lattice is given by Le Claire (1978), 
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where Aa  is the solvent lattice parameter, 0f  = 0.7815 is the correlation factor for the selfdiffusion in fcc lattices, 
and 0Vc  is the vacancy concentration at the thermodynamical equilibrium, 
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where T is the absolute temperature, VfE  is the formation energy of the vacancy in pure A in Table 2. The entropy 
terms are set to zero, which is a simplifying approximation. So that, inserting Eq.(21) in Eq.(20) we get 
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For the drift of solutes in a vacancy flux we shall make contact with the alternative phenomenology offered by 
Johnson and Lam (1976). In this the flux of solute atoms BJ   is expressed as 
 
''
VVSVppS cDcCDJ  V ,         (23) 
 
The coefficients pD  and VD  are interpreted as diffusion coefficients of pairs and free vacancies, respectively, while 
VV  is a sort of cross section for vacancies to induce solute motion. When we insert the appropriate chemical 
potential gradients (see Franklin and Lidiard (1984)) into the thermodynamic flux Eq.(4), we find that Eq.(2) is 
equivalent to Eq.(23) if  
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We see that for a vacancy mechanism, solute atoms may only move when they are paired with a vacancy and it is 
reasonable therefore that SD  should be equal to ( Sp cc ) as Eq.(6) and Eq.(24) require. To obtain VV  from Eq.(25), 
we need the full expressions for AAL  and ASL  that can be obtained from Allnat and Lidiard (2003), but this will not 
be performed here. 
 
 
5. Results 
 
We present our numerical results for the (Al, U) system. The inter-atomic interactions are represented by suitable 
EAM (Embedded atom method) potentials [Pascuet et al. (2012)] for binary systems. We obtain the equilibrium 
positions of the atoms by relaxing the structure via the conjugate gradients technique. The lattice parameters that 
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minimize the crystal structure energy is Aa  = 4.05Å. For all the calculations we used a crystallite of 2048 atoms, 
eventually including one substitutional U atom in Al bulk and a single vacancy in the defective system. The current 
calculations have been performed at T = 0K. In this case, the entropic barrier is ignored. In Table 2, we present our 
results for the vacancy formation energy ( VfE ) calculated as, 
 
)()1( NENEE c
V
f  .           (26) 
 
Where, )(NE  for the perfect lattice of N atoms, )1( NE  is the energy of the defective system, and cE  the cohesion 
energy. The migration barrier of the vacancy in perfect lattice ( VmE ), is calculated with the Monomer method 
[Ramunni et al. (2006)]. For the case of a diluted alloy, we may consider the presence of solute vacancy complexes, 
nn VSc   in which n = 1st, 2nd, 3 rd  ... (see the insets in Table 3) indicates that the vacancy is a n−nearest neighbors 
of the solute atom S. The binding energy between the solute and the vacancy for the complex nn VSc   in a fcc 
matrix of N atomic sites is obtained as, 
 ^ ` ^ `),1(),1()(,2( SNEVNENECNEE nb  ,      (27) 
 
where ),1( VNE   and ),1( SNE   are the energies of a crystallite containing )1( N   atoms of solvent A plus one 
vacancy V, and one solute atom S respectively, while ),2( nCNE   is the energy of the crystallite containing (N − 2) 
atoms of A plus one solute vacancy complex nn VSC  . With the sign convention used here bE  < 0 means 
attractive solute-vacancy interaction, and bE  > 0 indicates repulsion. We calculate the migration energies mE  using 
the monomer method [Ramunni et al. (2006)].  
 
Table 2. Energies and lattice parameters for the pure fcc Al. The first column specifies the vacancy formation energy V
fE (eV). 
The second column displays the migration energies VmE (eV), calculated from the monomer method [Ramunni et al. (2006)]. In the 
third column we show the lattice parameter Aa (Å). While the last column displays the activation energy Vm
V
mQ EEE   (eV). 
Reference V
fE  (eV) 
V
mE  (eV) Aa  (Å) QE  (eV) 
Present work 0.649 0.65 4.05 1.299 
[Purja et al. 2009] 0.675 0.63 4.05 1.305 
 
Table 3 displays, the different types of solute vacancy complex nn VSC   with its binding energies bE . Also, the 
same table depicts the possible configurations and jumps that involve the corresponding nn VSC    complex with 
the corresponding jump frequencies. These jumps imply in a migration of the vacancy whose energies are shown for 
the direct as well as for the reverse jumps. In order to obtain the jump frequencies, we assume that the jumps are 
thermally activated and then the frequencies iZ  can be expressed as, 
 
)/exp(0 TkE Bmi
o QZ .          (28) 
 
where omE  are reported in Table 3. For the prefactor in Eq.(28), we use a constant attempt frequency 0Q =6x1012Hz, 
taken from Purja et al. (2009) for Al host. Once we have calculated the jump frequencies, then the solute correlation 
factors Sf  can be obtained. Table 4, resumes the jump frequencies ratios calculated according to the five-frequency 
model of solute-vacancy interaction in fcc-lattices for a constant pre-exponential factor in Al taken from Purja et al. 
(2009).  The calculated *UD  and 
*
AD  using the Eq.(16) and Eq.(22), are shown in Fig. 2. It is import to perform a 
comparison of the here obtained results which relate available experimental data. We have verified from our 
calculations that the tracer self diffusion coefficient )(* SA cD (not shown) in a diluted alloy is very similar to that of 
the pure solvent. 
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Table 3. Jumps and frequencies in the (Al,U)−system. The first column denotes nn VSC   where nV  means that 
the vacancy is n nearest neighbor of the solute. Binding energy bE  is shown in the second column. The jumps are 
depicted in the third column, while the forth column describes the jump frequency iZ  and the configurations 
involved in each jump. Migration energies mE  for direct and reversed jumps are written in the fifth and sixth 
column respectively. 
nn VSC   bE  Conf.( nF ) iZ  omE (eV) mmE
(eV) 
1C  -0.139 
 
11
1
1
CC moZ
Z  
 
0.81 0.81 
SC1  -0.139 
 
SS CC 11
2
2
moZ
Z  
 
0.48 0.48 
2C  0.004 
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CC moZ
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0.61 0.47 
3C  0.037 
 
 
31
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3
CC moZ
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0.65 0.48 
4C  0.019 
 
 
41
''
4
''
3
CC moZ
Z  
0.73 0.58 
 
 
Table 4. Solute correlated factors for different temperatures. The solute correlated factor Uf  values, in column three. 
The last three columns describe the jump frequency ratios of the solute−vacancy interaction. 
(A,S)-Alloy T/K Uf  12 ZZ  1*3 ZZ  0*4 ZZ  
(Al,U) 300 0.78 3.5 x 105 3.5 x 105 0.886 
 350 0.77 5.6 x 105 5.5 x 105 0.854 
 400 0.77 1.4 x 105 1.4 x 105 0.838 
 450 0.77 4.9 x 105 4.8 x 105 0.831 
 500 0.77 2.1 x 105 2.0 x 105 0.831 
 550 0.77 1.1 x 105 9.9 x 105 0.828 
 600 0.77 5.9 x 105 5.5 x 105 0.829 
 650 0.77 3.6 x 105 3.4 x 105 0.832 
 700 0.77 2.4 x 105 2.2 x 105 0.835 
 750 0.77 1.6 x 105 1.5 x 105 0.839 
 
)0(*AD  (that is )0()( ** ASA DcD | ). Hence, we test our results for )0(*AD  with the best estimative of the diffusion 
parameter for pure solvent, )(* ADL , taken from Campbell and Rukhin (2011). The self-diffusivity of species A in 
pure A given in cm2s-1 for the best estimate is given through an expression of the form, 
 
)/exp()( 0* RTQDAD AAL  ,         (29) 
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where 0AD  and AQ  have been obtained by Campbell and Rukhin (2011) from the best estimative of the parameters. 
These are displayed in Table 5. 
 
Table 5. Parameters involved in the expression for the self-diffusion consensus fit )(* AlDL . The first column denotes 
the reference where the values were taken from. The solvent lattice is indicated in the second column. The third and 
fourth columns denote the pre-exponential factor 0AlD  and the activation energy AlQ  for Eq.(29) respectively. The 
range of temperatures of the description is referred in column five, while the relative error of the self diffusion 
coefficient is shown in column six. The last column stands for experimental or theoretical results. The values were 
taken from Campbell and Rukhin  (2011) and references therein. 
Ref. 0
AlD  (cm
2s-1) AlQ  (KJ/mol) T(°C) error type 
[Messer et al. 1974] 0.137 123.5 90-930 15% exp. 
[Campbell and Rukhin. (2011)] 0.292 129.7 357-833 - )(* AlDL  
[Campbell and Rukhin  (2011)] 1.710 142.0 <933 - )(* AlDL  
 
In Fig. 2, the solid and dashed lines represent the best estimative )(* AlDL  for the experimental measures of the tracer 
diffusion coefficient in pure Al, obtained with Eq.(29) and Table 5. As can be observed, the estimate )(* AlDL  fits 
well with the values of AlD  calculated in the present work. In summary, our calculations for AlD  match  very well 
with the best estimative obtained from Campbell  and Rukhin  (2011)  using the Newmann parameter. 
Unfortunately, for diluted (Al, U)-alloys not enough available data were found in the literature, then we compare our 
results with  
 
 
 
 
Fig. 2: Tracer diffusion coefficients of U ( *UD  in open squares) and Al (
*
AlD  in open circles) in the alloy. Solid line represents the best estimative 
of the pure Al self-diffusion coefficient )(* AlDL , taken from Campbell  and Rukhin  (2011). 
 
calculations from molecular dynamics taken from Pascuet et al. (2012).  
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6. Concluding remarks 
 
In summary, we propose a general mechanism based on physical first principles theories for obtaining diffusion 
coefficients using a classical molecular static technique and semiempirical EAM potentials for calculations. The flux 
equations permit to relate the diffusion coefficients with the Onsager tensor. Kinetic theory allows writing these 
Onsager coefficients in terms of jump frequencies. In this way, we could write expressions for the solute tracer 
diffusion coefficients only in terms of microscopic magnitudes, i.e. jump frequencies. These last ones have been 
calculated thanks to a low cost static molecular technique, namely, the monomer method. The five-frequency model 
has also been of great utility in order to discriminate the relevant jump frequencies. Hence, we have calculated the 
self-diffusion coefficients in the first coordinated shell approximation through the flux equation. Although in this 
work we have performed the treatment for the case of fcc lattices where the diffusion is mediated by vacancy 
mechanism, a similar procedure can be adopted for other crystalline structures or different diffusion mechanism (for 
instance interstitials). We have exemplified our calculations for the particular case of a binary (Al, U) fcc diluted 
alloy. Our results show excellent agreement with available experimental data for pure Al solvent and results from 
molecular dynamic calculations are in excellent agreement with the U mobility. This opens the door for future works 
in the same direction where similar procedure will be used that includes interstitial defects. 
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